ABSTRACT. We continue the study of straightening maps for the family of polynomials of degree d ≥ 3. The notion of straightening map is originally introduced by Douady and Hubbard to study the self-similarity of the Mandelbrot set, As expected from their example of a cubic-like family with discontinuous straightening map, we prove that the straightening map is discontinuous unless it is of disjoint type (in this case, it is already known that the straightening map is continuous).
INTRODUCTION Consider the family of monic centered polynomials Poly(d) of degree d ≥ 2. The connectedness locus C (d) is the set of f ∈ Poly(d) having connected filled Julia set K( f ).
When d = 2, M = C (2) is the well-known Mandelbrot set. Douady and Hubbard [DH85] proved that there exist infinitely many small copies of the Mandelbrot set in itself. In fact, for any z 2 + c 0 ∈ M such that the critical point 0 is periodic, there exists a homeomorphism χ : M ′ → M such that c 0 ∈ M ′ , the boundary of M ′ is contained in that of M and χ(c 0 ) = 0 [Haï00] .
The map χ above is an example of what we call a straightening map. For a family of polynomial-like mappings parameterized by a complex manifold Λ of degree d ≥ 2, we can define such a map defined on the connectedness locus of Λ to the set of affine conjugacy classes of polynomials in C (d).
In the preceding paper [IK08] , we consider straightening maps for the family of renormalizable polynomials of degree d ≥ 3. The combinatorics of a family of renormalizable polynomials can be described in terms of rational lamination introduced by Thurston [Thu85] . A rational lamination λ f for f ∈ C (d) is the landing relation of external rays of rational angles. Let λ 0 be a post-critically finite d-invariant rational lamination, and let C (λ 0 ) = { f ∈ C (d); λ f ⊃ λ 0 } denote the set of λ 0 -combinatorially renormalizable polynomials. For f ∈ C (λ 0 ), we say f is λ 0 -renormalizable if it has a polynomial-like restriction whose filled Julia sets are λ 0 -fibers, which are continua defined in terms of λ 0 . Hence we can straighten such a restriction (λ 0 -renormalization) to get a new polynomial by the straightening theorem by Douady and Hubbard [DH85] . More precisely, since there might exist several critical points, we borrow the notion of mapping schema introduced by Milnor [MP92] to describe the dynamics of λ 0 -fibers containing critical points. Therefore, the straightening of a λ 0 -renormalization of f is an affine conjugacy class of polynomials over a mapping schema of λ 0 .
Under this definition, the straightening map is at most finite-to-one. By introducing "markings" for polynomials and polynomial-like maps, we can define an injective straightening map χ λ 0 : R(λ 0 ) → C (T (λ 0 )), where C (T (λ 0 )) is the fiberwise connectedness locus of the family Poly(T (λ 0 )) of monic centered polynomials over T (λ 0 ). We recall these notions and results in the preceding paper in Section 6.
In this paper, we study discontinuity of straightening maps. We say a polynomial f of degree d ≥ 2 is Misiurewicz if all critical points are (strictly) preperiodic. Note that since Misiurewicz maps are quasiconformally rigid (moreover, they are combinatorially rigid), straightening maps are continuous at those parameters.
Main
It is known that the closure of the set of Misiurewicz polynomials coincides with the support of bifurcation measure [DF08] . Therefore, we may also say that χ λ 0 is not continuous on any open set intersecting the support of the bifurcation measure.
An equivalent condition for the domain to be nonempty is stated in [IK08] (see Proposition 6.8).
It is well-known that straightening maps for quadratic-like families are always continuous [DH85] . Therefore, we have a complete classification: We say a d-invariant post-critically finite rational lamination λ 0 is of disjoint type if it is the rational lamination of a post-critically finite polynomial such that all Fatou critical points are simple and periodic, and lie in different orbits (an equivalent definition without polynomial realization is given in Section 6). In this case, renormalizations consist of quadratic-like mappings, so the straightening map is continuous.
Also, in the same article, Douady and Hubbard have already given an example of cubiclike family whose straightening map is discontinuous. Although their example strongly suggests that straightening maps are often discontinuous, their example is constructed by putting some invariant complex dilatation outside filled Julia sets of polynomials, and their argument does not allows us to know whether a given straightening map is continuous or not.
Epstein [Eps] have also proved that straightening maps are discontinuous on the boundary of the main hyperbolic component (i.e., the one containing the power map), and his result can be generalized to all hyperbolic components such that an attracting periodic orbit attracts at least two critical points, by use of the author's result [Ino08] . Epstein's result and our result have many similarities; both depend on parabolic implosion, and prove existence of an analytic conjugacy between renormalization and its straightening assuming that the straightening map is continuous. However, the proofs for the existence are completely different. Epstein's proof depends on analytic dependence of Ecalle-Voronin invariants and our proof depends on combinatorial constructions with the help of rational laminations. This difference yields completely different sequences which cause discontinuity in the limit; Epstein's one is in a hyperbolic component, and ours is in the bifurcation locus.
In the case of cubic polynomials, fully renormalizable polynomials are divided into four types in terms of mapping schema, according to Milnor [Mil92] ; adjacent, bitransitive (bicritical), capture and disjoint. The target space of straightening maps are determined by these types: It is the cubic connectedness locus C (3) for adjacent type, the connectedness locus of biquadratic family C (2 × 2) = {(a, b) ∈ C 2 ; K((z 2 + a) 2 + b) is connected} for bitransitive type, the full family of connected quadratic filled Julia sets M K = {(c, z); c ∈ M , z ∈ K(z 2 + c)} for capture type, and the product space of the Mandelbrot set with itself M × M for disjoint type. Any disjoint type straightening map is continuous because it consists of straightening maps of two quadratic-like families. All the other cases have a non-trivial Fatou critical relations, so straightening maps are not continuous. On the other hand, for capture renormalizations, straightening maps are continuous on each fiber. Buff and Henriksen [BH01] have proved there is a natural quasiconformal embedding of the filled Julia set K(λ z + z 2 ) for |λ | ≤ 1 into the connectedness locus of a cubic one-parameter family, and we proved that any connected filled Julia set can be homeomorphically embedded to the connectedness locus of any higher degree polynomial [Ino06] . Furthermore, we have proved in the preceding paper [IK08] that for a cubic rational lamination of primitive capture type, the straightening map χ is surjective onto M K , and its restriction to K c = χ −1 ({c} × K(z 2 + c)) for each c ∈ M can be extended to a quasiconformal embedding, possibly after desingularizing the one-dimensional analytic set containing K c . Therefore, by Main Theorem, such quasiconformal embeddings of connected Julia sets does not move continuously on polynomials.
The most of the proof of Main Theorem can be also applied to renormalizable rational maps and transcendental entire maps. We discuss that in the last section (Section 11).
Our argument needs two-dimensional bifurcations to prove discontinuity: One is bifurcation of two critical orbits in one grand orbit, and the other is parabolic bifurcation. Therefore, we cannot apply our argument to a one-parameter family of polynomials. Hence it is natural to ask whether we can get discontinuous straightening maps for smaller parameter spaces. And we may also ask whether parabolic bifurcation is the unique possibility to get discontinuity. Here is a list of those questions:
Question. Can straightening maps be discontinuous under the following conditions? (i) On real polynomial families.
(ii) On dynamically defined complex one-parameter spaces. (iii) On anti-holomorphic one-parameter families. (iv) At non-parabolic parameters (having a Siegel disk, or an invariant line field on the Julia set).
The first and third parameter spaces can contain "baby tricones", and they might be nice candidates to study.
The proof of Main Theorem consists of several steps. The first step is to relate the continuity of a straightening map for an analytic family of polynomial-like mappings with two marked points (abbr. AFPL2MP) to the multipliers of repelling periodic orbits (Theorem 5.1). Here we consider a similar situation as the example of discontinuous straightening map by Douady and Hubbard. We start with a polynomial-like map having a parabolic periodic point whose basin contains both of the marked points. If the straightening map is continuous in a neighborhood of this map, and it has nice perturbations described in terms of a given repelling periodic point, parabolic implosion and Lavaurs map, then the modulus of the multiplier of the repelling periodic point does not change by straightening. Two marked points will be critical orbits in the application, so that the continuity of χ λ 0 implies the continuity of the straightening map of this AFPL2MP.
Secondly, we study parabolic bifurcations to find nice perturbations so that we can apply the first step (Section 8). Next, we find a nice parabolic map f 1 arbitrarily close to a given Misiurewicz polynomial f 0 so that we can apply the second step (Section 9.1).
By gluing these three steps together, if the straightening map χ is continuous in a neighborhood of f 0 , we can get a hybrid conjugacy preserving multipliers between quadraticlike restrictions of some iterates of a renormalization of f 1 and its straightening P 1 = χ( f 1 ). Thus they are analytically conjugate by Sullivan-Prado-Przytycki-Urbanski theorem (Theorem 2.3).
Then, applying the results on analytic conjugate polynomial-like restrictions of polynomials [Ino08] to get a contradiction.
Since this proof is constructive, we can specify at which parameter a straightening map is not continuous. See Remark 10.1 for details.
One of the most difficulties in the proof is that we need to perturb inside the connectedness locus. Moreover, we need to perturb in the domain of the straightening map R(λ 0 ). To do this, we construct a rational lamination or a critical portrait which the desired map should have, then we realize them by polynomials. However, since those combinatorial objects are not complete invariants, we cannot apply this construction parabolic polynomials. Hence we first construct Misiurewicz polynomials and take a limit to find some of those perturbations. To show that Misiurewicz polynomials constructed in this way and their limits are in R(λ 0 ), we also need some facts that R(λ 0 ) contains plenty of dynamics (Theorem 6.9 and Theorem 6.12), proved in the preceding paper.
mapping of degree d. If the external ray R f (0) of angle 0 does not bifurcate (e.g., when K( f ) is connected), it lands at a fixed point in J( f ) and defines an external marking for it. We call it the standard external marking for f .
Let Poly(d) be the family of monic centered polynomials of degree d and let C (d) be its connectedness locus, i.e., the set of all f ∈ Poly(d) such that the filled Julia set K( f ) is connected.
By use of the standard external marking, C (d) can be considered as the set of affine conjugacy classes of externally marked polynomials of degree d with connected Julia sets.
Definition (Hybrid equivalence). We say two polynomial-like mappings f : U ′ → U and g : V ′ → V are hybrid equivalent if there exists a quasiconformal homeomorphism ψ : U ′′ → V ′′ between neighborhoods of the filled Julia sets of f and g such that
For externally marked polynomial-like mappings
we say a hybrid conjugacy ψ between f and g respects external markings if ψ(γ f ) is homotopic to γ g .
The following theorem by Douady and Hubbard [DH85] classifies polynomial-like mappings in the sense of hybrid conjugacy. It also asserts that most dynamical properties for polynomials also holds for polynomial-like mappings. We can further add some information on external markings (see [IK08] ).
Theorem 2.1 (Straightening theorem). Any polynomial-like mapping f : U ′ → U of degree d is hybrid equivalent to some polynomial g ∈ Poly(d).
Moreover, if K( f ;U ′ ,U) is connected and f : U ′ → U is externally marked, then such a polynomial g ∈ C (d) is unique assuming that a hybrid conjugacy respects the external markings, where the external marking of g is the standard external marking.
For a periodic point x ∈ C of period n for a holomorphic map f , let us denote its multiplier by mult f (x), i.e., mult
Definition (Hybrid conjugacy preserving multipliers). Let f : U ′ → U and g : V ′ → V are polynomial-like mappings and ψ : U → V be a hybrid conjugacy. We say that ψ preserves multipliers if for any periodic point x for f , we have
Definition (Conjugate by an irreducible holomorphic correspondence). We say two rational maps f 1 and f 2 are conjugate by an irreducible holomorphic correspondence if there exist rational maps g, ψ 1 and ψ 2 such that
In particular, when f 1 and f 2 are conjugate by an irreducible holomorphic correspondence , they have the same degree.
The aim of this section is to prove the following: Remark 2.4. Although Przytycki and Urbanski proved the theorem in the case of rational maps, the same proof can be applied for polynomial-like mappings. Moreover, they only proved the existence of a conformal conjugacy defined between some neighborhoods of their Julia sets in proving (i) ⇒ (ii). However, since the existence of such a conjugacy implies that they are externally equivalent, they are analytically conjugate near the filled Julia sets [DH85] .
In this paper, we do not treat with the precise definition of tameness, which is done in terms of conformal measures, so we do not give it here. See [Urb97] for details (including the next theorem). The important fact is the following. In this paper, we mainly concern with polynomial-like mappings which are restrictions of (some iterate of) global dynamics. In this case, we can prove much stronger conclusion by the following theorem [Ino08] . Theorem 2.2 is an easy consequence of these theorems.
ANALYTIC FAMILIES OF POLYNOMIAL-LIKE MAPPINGS
In this section, we briefly review the notion of analytic family of polynomial-like mappings and its straightening map. We also consider families with marked points.
Definition (AFPL). An analytic family of polynomial-like mappings
(ii) the projection from the closure of U ′ in U to Λ is proper; (iii) the map f :
) is holomorphic and proper. Let C (f) = {µ ∈ Λ; K( f µ ) is connected} be the connectedness locus of f.
Definition (External markings for AFPL
An externally marked AFPL is a pair (f, [γ µ ]) of an AFPL and an external marking for it.
Notice that we only consider external markings for maps with connected Julia sets.
Remark 3.1. We do not require that (µ,t) → γ µ (t) is continuous on C (f) × [0, 1]. Indeed, consider the quadratic family Q = (Q c (z) = z 2 + c) c∈C with standard external marking. Namely, let γ c (t) = φ −1 c (exp(t)) where φ c is the Böttcher coordinate for Q c , and consider [γ c ] as an external marking. Then (c,t) → γ c (t) is not continuous at (1/4, 0) because of the parabolic implosion (discontinuity of the filled Julia set). Thus it is not reasonable to require continuity at t = 0.
By the straightening theorem, we can naturally define a map from the connectedness locus C (f) for an externally marked AFPL to C (d).
Definition (Straightening maps for AFPL
is hybrid equivalent to g µ respecting the external markings (the external marking for g µ is the standard external marking).
In the following, whenever we consider an AFPL, we fix an external marking for each AFPL. Hence we omit Γ for simplicity and write χ f instead of χ f,Γ .
The following theorem is proved by Douady and Hubbard [DH85] . This theorem depends on the following lemma and quasiconformal rigidity of quadratic polynomials in the boundary of the Mandelbrot set (see Theorem 7.2). Namely, for any f ∈ ∂ C (2), if g ∈ C (2) is quasiconformally conjugate to f , then g = f . Assume µ n → µ in C (Λ) and χ(µ n ) converges to some P ∈ C (d). Then there exist K ≥ 1 independent of n and a K-quasiconformal hybrid conjugacy ψ n between f µ n and χ(µ n ) such that ψ n converges uniformly to a K-quasiconformal conjugacy ψ between f µ and P by passing to a subsequence. In particular, χ(µ) and P are quasiconformally equivalent.
However, quasiconformal rigidity does not hold for polynomials of higher degree in the bifurcation locus. For example, if the basin of a parabolic periodic orbit contains two or more critical points with distinct grand orbits, then you can deform it quasiconformally to another polynomial in ∂ C (d). Discontinuity of straightening maps is caused by such a lack of quasiconformal rigidity and Douady and Hubbard used such a parabolic polynomial to construct an example of discontinuous straightening map [DH85] .
An analytic family of polynomial-like mappings with a marked point (abbr. AFPLMP) is a family
is an AFPL and x µ is a marked point for f. Let us denote
The straightening map χ f :
is unique under the assumption that ψ respects external markings).
We need also consider an analytic family of polynomial-like mappings with two marked points (abbr. AFPL2MP). More generally, for n ≥ 1, we say a family
We can similarly define the straightening map as follows: Let
and define χ f :
We will discuss continuity of straightening maps for AFPL2MP in Section 5.1.
PARABOLIC IMPLOSION
Here we recall the notion of parabolic implosion and geometric limit. For more details, see [Dou94] , [DSZ97] , [Shi98] and [Shi00] .
Let f 0 be a holomorphic map defined near 0. Assume 0 is a non-degenerate 1-parabolic fixed point, that is, f 0 (0) = 0, f ′ 0 (0) = 1 and f ′′ 0 (0) = 0. By a change of coordinate, we may assume f 0 has the form
as z → 0. For ε > 0, consider two disks
If ε is sufficiently small, then
and there exist conformal maps
(1)
where both sides are defined. We call Φ f 0 ,attr (resp. Φ f 0 ,rep ) an attracting Fatou coordinate (resp. repelling Fatou coordinate) for f 0 . They are unique up to post-composition by translation. If f is a rational map or an entire map, we can extend Fatou coordinates by the functional equation (1):
• The domain of Φ f 0 ,attr can be extended to the whole basin of attraction B 0 of 0.
• The domain of
f 0 ,rep can be extended to the whole complex plane C. For c ∈ C, let us define g f 0 ,c : B 0 → C by Let f be a small perturbation of f 0 . By taking an affine conjugacy, we may assume 0 is still a fixed point for f . Let us denote f ′ (0) = exp(2πiα) with α small. Here we consider the case α = 0 and | arg α| < π/4 (or | arg(−α)| < π/4). Let x be the other fixed point for f close to 0 (bifurcated from 0). Then x = −2πiα(1 + o(1)) as f → f 0 . Let D f ,attr and D f ,rep be the disks of radii ε whose boundaries pass through 0 and x such that D f ,attr intersects the negative real axis and D f ,rep intersects the positive real axis, so that
It is also unique up to post-composition by translation. Fatou coordinates depend continuously on f if we normalize properly. More precisely, what we need is the following fact: If f n → f 0 , then there exist sequences c n and C n of complex numbers such that
as n → ∞. Hence we have
Now assume c n − C n converges in C/Z, i.e., there exists a sequence k n ∈ Z such that lim n→∞ k n − c n + C n = c ∈ C. Then we get a convergence
We say that f n converges geometrically to ( f 0 , g f 0 ,c ) and denote
CONTINUOUS STRAIGHTENING MAPS AND MULTIPLIERS
The following theorem relates continuity of straightening map to a condition on multipliers, and is the key to get discontinuity of straightening maps. 
In particular, 0 is no more a parabolic fixed point for f µ n,m .
• g n → g for some Lavaurs map g for
where χ f (µ) = (P µ , x P µ , y P µ ) and ψ µ is a hybrid conjugacy between f µ and P µ .
Roughly speaking, if the moduli of the multipliers of the corresponding repelling periodic points α µ 0 and α P µ 0 are different and there are plenty of perturbations in C (f), then the straightening map χ f is discontinuous.
The rest of this section is devoted to proof this theorem. We may assume that the hybrid conjugacy ψ µ n,m converges a quasiconformal conjugacy ϕ n between f µ n and P µ n as m → ∞ by Lemma 3.3. Then by the continuity (v), we have
and similarly we have ϕ n (y µ n ) = y P µ n . On the other hand, since f µ n,m
lies in the definition of ϕ n for sufficiently large n, we have
is a repelling periodic point for P µ n . Let us denote it by α P µ n . Then α P µ n = ψ µ n (α µ n ). In fact, the proof of [DH85, p. 302, Lemma 1] can be applied to our case to show that ψ µ n = ϕ n on the Julia set. Observe that the combinatorial assumption there holds because the images of the unique parabolic basin of 0 by them are the same. Now let
By passing to a further subsequence, we may assume ϕ n also converges as n → ∞. Then we have the following "distortion" property for ϕ n at α µ n :
)|, then δ n (w) diverges as w → α µ n uniformly on sufficiently large n.
Remark 5.3. This Lemma is equivalent that the Hölder exponent of ϕ n at α µ n is equal to log b n / log a n , i.e.,
Proof. Take a small circle S(r, α µ n ) centered at α µ n . If the radius r > 0 is sufficiently small, then the circle and its image f p µ n (S(r, α µ n )) bounds an annulus A, where p is the period of α µ n for f µ n . There exists some constant C > 1 such that C −1 < |δ n (w)| < C for any w ∈ A.
For w close to α µ n , there exists some
Since f p µ n and P p µ n are linearizable near α µ n and α P µ n = φ n (α µ n ) respectively, it follows that η 1 (w) = −k loga n + O(1) and η 2 (w) = k log b n + O(1). Therefore, δ n (w) = k(log b n − log a n ) + O(1). Furthermore, as w → α µ n , k tends to infinity, so we have (2). These estimates are uniform on n because of the convergence as n → ∞.
Let w = g n (y µ n ). If n is sufficiently large, w is close to α µ n , thus we have
Since x µ n and y µ n lie in the interior of the filled Julia set, where ψ n is holomorphic, we have
Since g n → g by assumption, we may assume that g P n = ϕ n • g n • ϕ −1 n also converges by passing to a subsequence. This implies that |δ n (w)| is bounded uniformly for sufficiently large n.
Therefore, by Lemma 5.2, this holds only when | mult
This proves the theorem.
COMBINATORICS OF DYNAMICS OF POLYNOMIALS
We need to find nice perturbations of a given parabolic polynomials to apply Theorem 5.1 to a family of renormalizable polynomials. To do this end, we need most of the results in the preceding paper [IK08] with Kiwi. One of the most essential tools to construct such perturbations is a combinatorial technique which we call combinatorial tuning, but we also need injectivity of straightening maps, compactness of renormalizable sets for primitive combinatorics, and so on. Hence we recall some definitions and results in [IK08] in this section. We also prove some lemmas for later use.
6.1. Mapping schemata and skew products. The notion of mapping schema is introduced by Milnor [MP92] to describe the dynamics of hyperbolic polynomials. Here, we review the notion of mapping schemata and consider polynomials and polynomial-like mappings over them, which are simple generalization of usual polynomials and polynomial-like mappings.
Definition (Mapping schemata).
A mapping schema is a triple T = (|T |, σ , δ ) where |T | is a finite set, and σ : |T | → |T | and δ : |T | → N are maps such that for any periodic point v ∈ |T | for σ , we have
where n is the period of v. We call δ the degree function of T and
We say T is reduced if all v ∈ |T | are critical. Here we only consider reduced mapping schemata because we can easily extract a reduced schema from a given schema by taking the first return map [MP92] .
Definition. We say T has a non-trivial critical relation if either
• there exist critical v, v ′ ∈ |T | and n > 0 such that
Otherwise, we call T is of disjoint type. It is equivalent that there is exactly δ (T ) − 1 periodic orbits, or every critical v ∈ |T | is periodic and satisfy
where p is the period of v. Figure 1) . Another important example of mapping schemata is the schema of capture type:
For simplicity, we denote by T cap the degree 3 capture schema T cap,3 .
? Definition (Polynomials over mapping schemata and universal polynomial model spaces).
We say f is monic centered if f v is so for all v ∈ |T |. The universal polynomial model space Poly(T ) is the set of all monic centered polynomials over T . For a polynomial f over T , the filled Julia set K( f ) is the set of points whose forward orbit is precompact, and the Julia set J( f ) is the boundary of K( f ). We say K( f ) is fiberwise connected if the fiber K( f , v) = {z ∈ C; (v, z) ∈ K( f )} is connected for all v ∈ |T |. The (fiberwise) connectedness locus C (T ) is the set of all maps f ∈ Poly(T ) with fiberwise connected filled Julia set.
Observe that a polynomial over the trivial schema d is simply a polynomial of degree d. Thus the definition of Poly(d) is consistent and we can treat normal polynomials and polynomials over mapping schemata at the same time.
For f ∈ Poly(T ), v ∈ |T | and n > 0, define f n v by the equation
is bounded}. For a polynomial f ∈ Poly(T ) over a mapping schema T = (|T |, σ , δ ), there exists the Böttcher coordinate φ f at |T | × {∞}, i.e., φ f is a holomorphic map defined on a neighborhood of |T | × {∞} such that
• φ f is tangent to the identity at |T | × {∞};
• it has the form φ f (v, z) = (v, φ f ,v (z));
, then we can extend φ f using the dynamics and obtain a univalent map
which we still denote by φ f . Hence for v ∈ |T | and θ ∈ R/Z, we can define the external ray by
Many results on external rays for usual polynomial also hold for polynomials over mapping schema and proofs are straightforward. For example, every external ray of a rational angle lands at a repelling or parabolic eventually periodic point.
Definition (Polynomial-like mappings over mapping schemata). Let T = (|T |, σ , δ ) be a mapping schema. A polynomial-like mapping over T is a proper holomorphic skew product over σ g :
• U ′ ⋐ U are subsets of |S| × C having the form
where
We may also write it as a collection of proper holomorphic maps
between topological disks in the complex plane.
The filled Julia set K(g) is defined as follows:
and the Julia set J(g) is the boundary of K(g). We say K(g) is fiberwise connected if K(g) ∩ {v} × C is connected for all v ∈ |T |. We denote
By definition, K(g) is fiberwise connected if and only if K(g, v)
is connected for all v ∈ |T |. v) ]. An externally marked polynomial-like mapping over T is a pair (g, ([γ v ]) ) of a polynomial-like mapping over T and an external marking of it.
Definition (External markings
Let f ∈ C (T ). The standard external marking of f is the external marking ([R f (v, 0)]) v∈|T | , defined by the external rays of angle zero. 
Definition (Hybrid equivalence
We say two sets A, B ⊂ R/Z (or {v} × R/Z) are unlinked if B is contained in a component of R/Z \ A. Note that it is equivalent that A is contained in a component of R/Z \ B, or that the Euclidean (or hyperbolic) convex hulls of exp(2πiA) and exp(2πiB) in C are disjoint.
Let A ⊂ R/Z. We say a map f : Let us denote by supp(λ ) ⊂ |T | × Q/Z the union of all non-trivial λ -classes. We may denote λ as a collection (λ v ) v∈|T | of (non-invariant) rational laminations on Q/Z, i.e., (v, θ ) and (v, θ ′ ) are λ -equivalent if and only if θ and θ ′ are λ v -equivalent.
Example.
For f ∈ C (T ), the rational lamination λ f of f is the landing relation of external rays of rational angles. Namely, (v, θ ) and (v, θ ′ ) are λ f -equivalent if and only if the external rays R f (v, θ ) and R f (v, θ ′ ) land at the same point. By the theorem of Kiwi [Kiw01] , an equivalence relation λ on |T | × Q/Z is a T -invariant rational lamination if and only if λ is the rational lamination of some f ∈ C (T ).
Definition (Combinatorial renormalization). We say a T -invariant rational lamination λ is admissible for f ∈ C (T ) if λ ⊂ λ f . We also say that f is λ -combinatorially renormalizable or f admits λ . Namely, f ∈ C (T ) if and only if R f (v, θ ) and R f (v, θ ′ ) land at the same point when (v, θ ) and (v, θ ′ ) are λ -equivalent. Let
be the set of all polynomials which admit λ .
A rational lamination λ naturally induces the unlinked relation for irrational angles, which is closely related to gaps introduced by Thurston [Thu85] .
Definition (Unlinked classes). Let T be a mapping schema and let λ be a T -invariant rational lamination. We say The external rays for f of λ -equivalent angles cut the phase space into sectors. This allows us to associate a continuum for each λ -unlinked class (compare [Sch04] ).
Definition (Sectors and fibers). Let λ be a rational lamination over a mapping schema T and let f ∈ C (λ ). For a λ -unlinked class L ⊂ {v} × R/Z and λ -equivalent angles
be the connected component of
The fiber of L is defined by:
The following proposition (see [IK08] ) describes some basic properties for λ -unlinked classes and corresponding fibers.
Proposition 6.3. Let T be a mapping schema and let λ be a T -invariant rational lamination. For f ∈ C (λ ) and a λ -unlinked class L, we have the following:
is well-defined and coincides with m δ (L) for some δ (L) ≥ 1.
Remark 6.4. We stated this proposition only for the case of d-invariant rational laminations in [IK08] , but the same proof can be applied also to rational laminations over mapping schemata. Similarly, some theorems below in this section is generalized to rational laminations and polynomials over mapping schemata, but the proofs are exactly the same (only notations will be more complicated), and some of them are immediate consequence from the same result for the usual case.
This proposition allows us to describe the dynamics of fibers in terms of λ -equivalence classes and unlinked classes.
Definition (Critical elements). Let λ be a T -invariant rational lamination. For a λ -class A, let δ (A) denotes the degree of m T : A → m T (A). It is well-defined by the consecutive preservingness. We say
Let Crit P (λ ), Crit W (λ ) and Crit F (λ ) be the set of all critical λ -classes, finite λ -unlinked classes and infinite λ -unlinked classes respectively, and let Crit(λ ) = Crit
a Fatou critical element). For a Julia critical element A, we say
Roughly speaking, critical elements correspond to critical points for f ∈ C (λ ). It follows that
Definition (Post-critically finite, hyperbolic and Misiurewicz laminations). We say a Tinvariant rational lamination λ is
• post-critically finite if there is no wandering critical Julia element (i.e., Crit W (λ ) = / 0), • hyperbolic if there is no Julia critical elements (i.e., Crit(λ ) = Crit F (λ )), and • Misiurewicz if there is no critical λ -unlinked class (i.e., Crit(λ ) = Crit P (λ )).
Observe that λ is post-critically finite if and only if PC(λ ) is finite.
Definition.
A T 0 -invariant rational lamination λ is primitive if for any infinite λ -unlinked class w, w ′ ⊂ {v} × R/Z, there are no λ -class A such that both A ∩ w and A ∩ w ′ are nonempty.
Even if λ is not primitive, such intersections exist essentially only finitely many.
Lemma 6.5. Let λ be a post-critically finite rational lamination over a mapping schema T . Let A be a λ -class such that there exist infinite λ -unlinked classes L 1 = L 2 whose closures intersect A. Then there exists some n ≥ 0 such that either
and both lie in CO F (λ ). In particular, the set of all eventual periods of such λ -classes A is finite.
Proof. If m n T (A) is not critical for any
for any n ≥ 0. Hence the lemma follows because all infinite λ -unlinked classes are eventually periodic.
Definition (Mapping schemata of rational laminations). Let λ be a T 0 -invariant rational lamination such that Crit
F (λ ) is nonempty. Define a (reduced) mapping schema T (λ ) = (|T (λ )|, σ λ , δ λ ) by
T (w), and δ λ = δ is defined in Proposition 6.3, where ℓ w > 0 is the smallest number such that m ℓ w T (w) ∈ Crit F (λ ). We say λ has a non-trivial Fatou critical relation if T (λ ) has a non-trivial critical relation. Otherwise, we say λ is of disjoint type (it is equivalent that T (λ ) is of disjoint type). Proposition 6.3 guarantees the existence of an "internal angle system", which is needed to let straightening maps well-defined: Definition (Internal angle systems). Let T 0 = (|T 0 |, σ 0 , δ 0 ) be a mapping schema. An internal angle system of a T 0 -invariant rational lamination λ is a collection of maps α = (α w : w → R/Z) w∈|T (λ )| such that
We sometimes omit v and simply write α w (θ ), for α w is defined on w ⊂ {v} × R/Z, so v depends only on w. The map α above can also be considered as follows:
α :
in this expression, we have
However, readers should notice that we need to take the disjoint union even if w and w ′ intersect for w = w ′ ∈ |T (λ )|.
Lemma 6.6. Let λ be a rational lamination over a mapping schema T 0 = (|T 0 |, σ 0 , δ 0 ) and α = (α w ) w∈|T (λ )| be an internal angle system. Let (v, θ ) ∈ w be periodic of period p by m T 0 . Then α(v, θ ) = (w, α w (v, θ )) is also periodic of period p ′ by m T (λ ) , where p ′ is defined by
In particular, p is not less than the period of w by σ .
Proof. There exists a sequence θ n such that (v, θ n ) ∈ w and either θ n ր θ or θ n ց θ . It suffices to show when θ n ր θ . Then m
(v, θ ) = (v, θ ) and they lie in a λ -unlinked class w ′ = σ p 0 (w). Hence it follows that w ′ = w and we have
On the other hand, let p
Renormalizations.
Definition (Renormalizations). Let T 0 be a mapping schema and λ 0 be a T 0 -invariant rational lamination. We say f ∈ C (λ 0 ) is λ 0 -renormalizable if there exist topological disks
) is a polynomial-like map over T (λ 0 ) with fiberwise connected Julia set.
We call g a λ 0 -renormalization of f . Definition (Straightening map χ λ 0 ). Let T 0 be a mapping schema and λ 0 be a T 0 -invariant rational lamination. Let (α w : w → R/Z) w∈|T (λ 0 )| be an internal angle system. For each w ∈ |T (λ 0 )|, take θ w ∈ w such that α w (θ w ) = 0.
For f ∈ R(λ 0 ), define χ λ 0 ( f ) ∈ Poly(T (λ 0 )) as follows; let g be a λ 0 -renormalization of f . Then external rays ([R f (w, θ w )]) w∈|T (λ 0 )| defines an external marking of g. Let χ λ 0 ( f ) be the polynomial over T (λ 0 ) hybrid equivalent to g preserving external markings.
This gives a well-defined map χ λ 0 : R(λ 0 ) → C (T (λ 0 )).
One of the main results in [IK08] is the following:
Theorem 6.7 (Injectivity of straightening maps). Let T 0 be a mapping schema. For a postcritically finite T 0 -invariant rational lamination λ 0 , the straightening map χ λ 0 is injective.
We can also give some equivalent conditions about the domain R(λ 0 ) of the straightening map.
Proposition 6.8. Let λ 0 be a d-invariant rational lamination having nonempty mapping schema T (λ 0 ). Then the following are equivalent:
Theorem 6.9 (Compactness of the renormalizable set for primitive combinatorics). Assume a T 0 -invariant rational lamination λ 0 has nonempty mapping schema T (λ 0 ). Then the following are equivalent:
and it is nonempty; (iii) R(λ 0 ) is compact and nonempty.
To prove a given f ∈ C (λ 0 ) is λ 0 -renormalizable, we need the following lemma [IK08, Lemma 6.9], which is based on the idea of "thickening puzzles" by Milnor [Mil00] . 
More precisely, there exists a finite set of angles
In particular, for a one
Note that C (λ 0 ) might be contained in X, and also notice that λ 0 is primitive if and only if E (hence X) can be taken as the empty set.
6.4. Combinatorial tuning. Let T 0 = (|T 0 |, σ 0 , δ 0 ) be a mapping schema. Let λ 0 be a T 0 -invariant rational lamination and fix an internal angle system (α w : w → R/Z) w∈|T (λ 0 )| .
Definition (Combinatorial straightening)
. Let λ be a T 0 -invariant rational lamination containing λ 0 . the combinatorial straightening of λ with respect to λ 0 is a
(w, θ ′ ) if and only if there exist t ∈ α −1 w (θ ) and s ∈ α −1 w (θ ′ ) such that t and s are λ -equivalent. Combinatorial tuning is the inverse operation of combinatorial straightening. The algebraic set Y in the theorem is defined in a similar way as in Theorem 6.10. In particular, it is empty when λ 0 is primitive. We call f the tuning of λ 0 and P, or when f 0 ∈ Poly(T 0 ) satisfies λ f 0 = λ 0 , we also say f is the tuning of f 0 and P. If λ 0 is postcritically finite, then such f is also post-critically finite. Therefore, if all periods of periodic λ -unlinked classes are sufficiently large, all periodic angles in the closures of λ -unlinked classes have periods greater than that of such A by Lemma 6.6. Hence the above argument shows that there are no such triple (L 1 , L 2 , A), so λ is primitive.
CONTINUITY OF STRAIGHTENING MAPS
Now we give some sufficient condition for straightening maps to be continuous at some f ∈ R(λ 0 ).
The argument on continuity of straightening maps by Douady and Hubbard (Theorem 3.2, Lemma 3.3) can be applied to our case. In particular, we have the following: Lemma 7.1. Let λ 0 be a rational lamination over T 0 . Assume f n converges to f in R(λ 0 ) and χ λ 0 ( f n ) converges to h ∈ C (T (λ 0 )). Then there exist some K ≥ 1 independent of n and a K-quasiconformal hybrid conjugacy ψ n between a λ 0 -renormalization of f n and χ λ 0 ( f n ) such that ψ n converges to a K-quasiconformal conjugacy ψ between λ 0 -renormalization of f n and h by passing to a subsequence. In particular, h and χ λ 0 ( f ) are quasiconformally equivalent.
Theorem 7.2. Let λ 0 be a rational lamination over T 0 . If f ∈ R(λ 0 ) is quasiconformally rigid, then χ λ 0 is continuous at f .
We say f ∈ Poly(T 0 ) is quasiconformally rigid if g ∈ Poly(T 0 ) is quasiconformally conjugate to f , g is affinely conjugate to f .
Proof. Assume f n converges to f in R(λ 0 ). Then by the lemma above, we may assume that χ λ 0 ( f n ) converges to h, which is quasiconformally conjugate to χ λ 0 ( f ). Hence it follows that there existsf ∈ R(λ 0 ) such that χ λ 0 (f ) = h andf is quasiconformally conjugate to f [IK08, Lemma 8.6].
By assumption, we havef = f and h = χ λ 0 ( f ).
Similarly, we have some partial continuity of χ −1 λ 0
. Observe that when λ 0 is post- 
Proof. By Lemma 7.1, χ λ 0 ( f ) and χ λ 0 (f ) are quasiconformally conjugate. Hence, by [IK08, Lemma 8.6], there exists somef quasiconformally conjugate to f such that χ λ 0 (f ) = χ λ 0 (f ).
Therefore, f =f by assumption and Theorem 6.7.
PARABOLIC BIFURCATION
In this section and the next section, we study perturbations in the connectedness locus and see when a polynomial having a polynomial-like restriction satisfies the perturbation condition in Theorem 5.1 for sufficiently many repelling periodic point.
In this section, we study parabolic bifurcations and give a sufficient condition to have nice perturbations. The successive section is devoted to the study of Misiurewicz bifurcations to find parabolic polynomials satisfying this sufficient condition.
Definition. We say a polynomial f of degree d ≥ 3 satisfies (C1) if the following hold; (C1-a) 0 is a non-degenerate 1-parabolic periodic point of period p for f ; (C1-b) there exists a quadratic-like restriction f p : V ′ → V of f p containing 0 hybrid equivalent to z + z 2 ; (C1-c) let ω ∈ V ′ be the critical point of this quadratic-like restriction. There exists another critical point ω ′ for f and
We say f satisfies (C2) if it satisfies (C1) and (C2-a) every critical point other than ω and ω ′ is preperiodic; (C2-b) the rational lamination λ f of f , which is post-critically finite by (C2-a), is primitive.
Remark 8.1. The condition (C2-a) is just to obtain an analytic subset in the parameter space where a desired bifurcation occurs with keeping other dynamical properties. Therefore, for example, we can relax it to admit critical points in bounded attracting basins. In this case, we can use the analytic dependence of the dynamics in the hyperbolic component [MP92] to get such an analytic subset.
The following condition implies that we have nice perturbations to apply Theorem 5.1 (see the proof of Theorem 1).
Definition. We say f satisfies (C3) if it satisfies (C1) and for any repelling periodic point α ∈ K( f p ,V ′ ,V ), there exists a convergent double sequence
such that the following hold. Let us denote the continuations of z = ω, ω ′ , α for f n and f n,m by z n and z n,m (that is, we require that they do not bifurcate under these perturbations) and let y n by (C1-c). ) (C3-a) 0 is a periodic point of period p for f n and f n,m . It is non-degenerate and 1-parabolic for f n ; (C3-b) x n = y n (hence x n,m = y n,m for sufficiently large m). (C3-c) the other critical orbit relations of f are preserved for f n,m (hence also for f n ), i.e., all critical points do not bifurcate under these perturbations and if c, c 
For simplicity, we say a polynomial satisfies (C1), (C2), or (C3) if a polynomial affinely conjugate to it does, because we mainly consider the space of monic centered polynomials.
We can also define these conditions for a polynomial over a mapping schema in the same way. Observe that the mapping schema must have non-trivial Fatou critical relation in order to satisfy those conditions.
Here, we prove the following. The rest of this section is devoted to prove this theorem. We first study the bifurcation of a quadratic polynomial Q(z) = z 2 + 1/4 ∈ Poly(2), which is affinely conjugate to z + z 2 . Consider a repelling periodic point α(Q) of Q and let θ be the landing angle for α(Q). Let f satisfy the assumption of the Theorem. By assumption, the reduced mapping schema T (λ f ) = (|T (λ f )|, σ , δ )) is equal to T cap,d 1 +1 , the schema of capture type of degree
Define a polynomialQ n,m over T (λ f ) as follows:
ThenQ n = lim m→∞Qn,m andQ = lim n→∞Qn exist and satisfy the following:
SinceQ n,m is Misiurewicz and λ f is primitive, there exists f ∈ R(λ f ) = C (λ f ) such that χ λ f ( f ) =Q n,m by Theorem 6.12.
By taking a subsequence, we may assume
is compact by Theorem 6.9, f n andf are also λ f -renormalizable. Lemma 8.5. 
Proof of Theorem 8.3. We have already constructed a convergent double sequence
, hence it is enough to check that this satisfies (C3). The condition (C3-a) holds by changing the coordinate if necessary. The condition (C3-b) follows from the fact that ϕ n (x n ) =Q n (v 0 , 0) = ϕ n (y n ) =Q n (v 1 , 0) by construction. Since all critical points except ω and ω ′ lie in the Julia set and preperiodic, their behavior is described in terms of λ f . Thus (C3-c) follows because f n,m and f n admits λ f . The λ f -renormalizability of f n,m and f n and Lemma 8.5 imply (C3-d) and (C3-e). 
). Therefore, this converges to a Lavaurs map g n such that
Therefore, we have proved (C3-f).
MISIUREWICZ BIFURCATION
In this section, we prove the following: Then there exists a polynomial f ∈ R(λ 0 ) arbitrarily close to f 0 such that
The main difficulties of the proof of this theorem are the following. First, all perturbation must be done inside R(λ 0 ). In order to do this, we perturb in C (T (λ 0 )) and use tuning to get nice perturbations. Secondly, tuning is not defined everywhere, nor continuous. What we want to apply the tuning is a parabolic map, but tuning does not have such kind of nice properties for parabolic maps. Therefore, we approximate by Misiurewicz maps with a help of combinatorial continuity by Kiwi [Kiw05] and apply Proposition 7.3 to show that what we construct is close to the original map.
Remark 9.2. Similar to Remark 8.1, what we essentially need is a two-dimensional analytic set passing through f 0 , on which we have two active critical points, and the rest of the dynamics behaves stable. 9.1. Critical portraits and combinatorial continuity. Here we briefly recall the notion of critical portraits and the combinatorial continuity for Misiurewicz maps.
Definition. Let T be a mapping schema. A critical portrait over T is a collection of sets Θ = {Θ 1 , . . . , Θ m } such that each Θ j is contained in a fiber {v j } × R/Z for some v j ∈ |T | and (CP1) for every j, #Θ j ≥ 2 and #m T (Θ j ) = 1; (CP2) Θ 1 , . . . , Θ m are pairwise unlinked;
We say a critical portrait Θ is preperiodic if all elements in Θ 1 , . . . , Θ m are preperiodic by
For a Misiurewicz polynomial P over T , Θ is a critical portrait of P if for each j, there exists a critical point ω j such that R f (v, θ ) lands at ω j for any (v, θ ) ∈ Θ j . In this case, Θ is always preperiodic.
We endow the space of all critical portraits over T with the compact-unlinked topology, which is generated by the subbasis formed by
where X is a closed subset of {v} × R/Z for some v ∈ |T |.
Let us denote by A (T ) the set of critical portraits over T and let
For each critical portrait Θ, we can naturally associate the impression of Θ, which is a set I(Θ) ⊂ C (T ) ∩ S (T ), where S (T ) is the shift locus, i.e., the set of polynomials over T with all critical points escaping [Kiw05] . We can also associate a real lamination λ Θ . Kiwi In particular, a map
is well-defined and continuous, where Mis(Poly(T )) = { f ∈ Poly(T ); Misiurewicz}.
When the Julia set of f ∈ C (T ) is locally connected, the real lamination of f is the equivalence relation on R/Z defined by the landing relation of external rays, as in the case of the rational lamination (see [Kiw05] for general case).
Proof. Since f is λ 0 -renormalizable, each critical point ω of f is either contained in K f (v) for a unique v ∈ Crit F (λ 0 ) = |T (λ 0 )|, or the landing point of the external rays of angle in A ∈ Crit P (λ 0 ) and not contained in any K f (v) for v ∈ CO F (λ 0 ). In particular, A ∈ Crit P (λ 0 ) does not intersect v for any v ∈ CO F (λ 0 ). Therefore, we can choose a critical portrait Θ = {Θ 1 , . . . , Θ m } of f so that Θ j is either contained in v for some v = v( j) ∈ Crit F (λ 0 ), or A ∈ Crit P (λ 0 ). In the former case, there exists a critical point
By (CP3) and the fact ∑ A∈Crit(λ 0 ) (δ (A) − 1) = d − 1, the above inequality must be an equality.
Furthermore, by the definition of α,
Proof. Since each critical point is preperiodic, there exists a relation P
Since the set of Misiurewicz polynomials does not contain any one-dimensional algebraic set,
Now consider a Misiurewicz polynomial (P 0 , (v j , ω 0, j )) ∈ Poly(T (λ 0 )) and its neighborhood U . Let Θ 0 be a critical portrait of P 0 . Take Let (P Θ , (v j , ω Θ, j )) ∈ Poly(T (λ 0 )) be the polynomial having Θ as a critical portrait and the landing point of the external ray of angle (v j , θ ) ∈ Θ j is (v j , ω j ). Observe that there are no multiple critical points i.e., (v j , ω j ) are mutually different because otherwise both the eventual periods and the preperiods must coincide. If Θ is sufficiently close to Θ 0 , then P Θ ∈ U by Theorem 9.3. Moreover, we have . This implies that (v 1 , ω Θ,1 ) is a multiple critical point, so it is a contradiction.
Take h 1 , . . . , h d−1 in Lemma 9.6 and consider an algebraic set (3) X = {(P, (v j , ω j )) ∈ Poly(T (λ 0 )); h 3 (P, ω 3 ) = · · · = h d−1 (P, ω d−1 ) = h(P, ω 1 , ω 2 ) = 0}, where h(P, ω 1 , ω 2 ) = P N ′ (v 2 , ω 2 ) − P(v 1 , ω 1 ).
Lemma 9.7. dim X = 1.
Proof. Consider the following algebraic sets: X ′ = {h 3 (P, ω 3 ) = · · · = h d−1 (P, ω d−1 ) = 0}, X ′′ = {h 1 (P, ω 1 ) = h 3 (P, ω 3 ) = · · · = h d−1 (P, ω d−1 ) = h(P, ω 1 , ω 2 ) = 0}.
Then dim X ′ = 2 and dim X ′′ = 0. Since X ′′ ⊂ X ⊂ X ′ and dim X ′ −dimX , dim X − dim X ′′ ≤ 1, the dimension of X is one.
Observe that since all critical points are simple for P Θ , the natural projection of Poly(T 0 ) → Poly(T 0 ) is a local isomorphism at P Θ . Hence we identify them to simplify the notation.
Let X 0 be an irreducible component of X passing through P Θ and let B be the bifurcation locus of the periodic parts in X 0 . Then since P Θ is Misiurewicz and a free critical point ω 1 is contained in the periodic part, P Θ ∈ B. In particular, B is nonempty. Therefore, by Theorem 9.5, There exists a copy M ′ ⊂ U ∩ X 0 of the Mandelbrot set M = M 2 , for all critical points are simple. Let ξ : M ′ → M be the homeomorphism defined by straightening. Let P 1 be the center of M ′ , i.e., the quadratic-like restriction P p 1 : W ′ 1 → W 1 is hybrid equivalent to z 2 (i.e., ξ (P 1 ) = z 2 ). Lemma 9.8. We can take M ′ so that P 1 (equivalently, λ P 1 ) is primitive and p is arbitrarily large.
Proof. If P 1 is not primitive, then take a small copy M ′′ ⊂ M ′ which corresponds to a primitive copy of sufficiently high period in M . Then the rational lamination of the center P 2 ∈ M ′′ is the combinatorial tuning of λ P 1 and a primitive rational lamination over T (λ P 1 ) = T cap . Hence P 2 is primitive by Lemma 6.13.
Therefore, the lemma is obtained by replacing M ′ by M ′′ .
Therefore, we have proved the following. 9.3. Proof of Theorem 9.1. Let λ 0 be a post-critically finite d-invariant rational lamination and let f 0 ∈ R(λ 0 ) be Misiurewicz. Take a small neighborhood V of f 0 . We may assume V ∩ C (λ 0 ) ⊂ R(λ 0 ) by Lemma 6.10. Take a neighborhood U of P 0 = χ λ 0 ( f 0 ) sufficiently small such that
• the codimension one algebraic set in Theorem 6.12 does not intersect U . Therefore, for any post-critically finite P ∈ U , there exists a unique f such that χ λ 0 ( f ) = P, and • χ −1 λ 0 : Mis(Poly(T (λ 0 ))) ∩ U → Mis(Poly(d)) ∩ R(λ 0 ) is a homeomorphism into its image and the closure of the image is contained in V .
The existence of such a neighborhood U is guaranteed by Theorem 7.2 and Proposition 7.3.
Take a sequence of Misiurewicz polynomials Q n ∈ ∂ M (n ≥ 2) such that Q n → Q 0 (z) = z 2 + 1/4 and let P n = ξ −1 (Q n ). (Recall that P 1 is the center of M ′ .) Then P n is also Misiurewicz for n ≥ 2. Let f n = χ −1 λ 0 (P n ) ∈ V for n ≥ 1. Let λ = λ f 1 be the combinatorial tuning of λ 0 and λ P 1 . Since we may assume the period p of quadratic-like renormalization of P 1 arbitrarily large, λ is also primitive by Lemma 6.13. Therefore, C (λ ) = R(λ ) is compact.
As in Lemma 9.9, there exists a one-dimensional algebraic subset containing all f n . Since R(λ ) is compact, we may assume that f n converges to some f ∈ R(λ ). Then
Namely, f is λ 0 -renormalizable and close to f 0 .
Since Y is closed, f (more precisely, ( f , ω 1 , . . . , ω d−1 )) also lies in Y . Take w j ∈
Observe that x(P f ), y(P f ) ∈ K(P f , w 0 ). Now consider an AFPL2MP µ : U v → U σ (v) ) v∈|T | ) µ∈Λ over a mapping schema T = (|T |, σ , δ ) having a non-trivial critical relation. Let χ : C (g) → C (T ) be the straightening map for g. Let P 0 ∈ C (T ) be Misiurewicz and assume there exist a neighborhood U of P 0 and a continuous map s : U ∩ C (T ) → C (g) such that χ • s is the identity.
Then there exist some P 1 ∈ U ∩ C (T ) satisfying (C3), a polynomial g, ϕ 1 and a transcendental entire map ϕ 2 such that
where f 1 = s(P 1 ).
The proof is the same as Theorem 11.1. The only difference is that we cannot get a contradiction after applying Theorem 2.6, because the degree of a transcendental entire map is infinite and we cannot exclude the case in the conclusion. Note that it follows that g and ϕ 1 are polynomials by comparing the growth at the infinity (see [Ino08] ).
